
VII Yasinskyi Geometry Olympiad (2023)

8TH GRADE

1. In triangle 𝐴𝐵𝐶, point 𝑂 is the circumcenter. The line 𝐴𝑂 intersects 𝐵𝐶 at
point 𝑇, and the perpendiculars drawn from 𝑇 to 𝐴𝐵 and 𝐴𝐶 intersect the radii
𝑂𝐵 and 𝑂𝐶 at points 𝐸 and 𝐹, respectively. Prove that 𝐵𝐸 = 𝐶𝐹.

(Oleksii Karlyuchenko)

Solution. Let 𝐴𝐷 be the diameter of the circumcircle of triangle 𝐴𝐵𝐶 (Fig. 1).
Then 𝐵𝐷 ⟂ 𝐴𝐵 and 𝑇𝐸 ⟂ 𝐴𝐵, which implies 𝑇𝐸 ∥ 𝐵𝐷. Triangle 𝑂𝐵𝐷 is isosceles
(𝑂𝐵 = 𝑂𝐷 as radii). If ∠𝑂𝐵𝐷 = ∠𝑂𝐷𝐵 = 𝛼, then ∠𝑂𝐸𝑇 = ∠𝑂𝑇𝐸 = 𝛼, so
𝑂𝐸 = 𝑂𝑇 and 𝐵𝐸 = 𝑂𝐵 − 𝑂𝐸 = 𝑂𝐷 − 𝑂𝑇 = 𝐷𝑇. Similarly, 𝐶𝐹 = 𝐷𝑇, hence
𝐵𝐸 = 𝐶𝐹.

Fig. 1 Fig. 2

2. Given a triangle 𝐴𝐵𝐶 , with a marked point 𝐼 as its incenter, and 𝐾1 and 𝐾2
being the points of tangency of the incircle with sides 𝐵𝐶 and 𝐴𝐶 , respectively.
Using a compass and a ruler, construct the incenter of triangle 𝐶𝐾1𝐾2 with the
minimal possible number of lines (a line is a straight line or a circle).

(Hryhorii Filippovskyi)

Solution. Clearly, that a single line is insufficient for the construction. Draw two
lines: the incircle of triangle 𝐴𝐵𝐶 (with center 𝐼 and radius 𝐼𝐾1) and the segment
𝐶𝐼. Let these intersect at point 𝐷 (Fig. 2). We will show that 𝐷 is the incenter
of triangle 𝐶𝐾1𝐾2. Indeed, 𝐷 lies on the angle bisector of ∠𝐶, so it suffices to
prove that 𝐾2𝐷 is the angle bisector of ∠𝐶𝐾2𝐾1. Let ∠𝐴𝐶𝐵 = 2𝛼. Since 𝐶𝐼 is the
angle bisector, triangle 𝐶𝐼𝐾2 is right-angled, and triangles 𝐾2𝐼𝐷 and 𝐶𝐾1𝐾2 are
isosceles, step by step, we find

∠𝐶𝐼𝐾2 = 90∘ − 𝛼, ∠𝐼𝐾2𝐷 = 90∘ − 1
2∠𝐶𝐼𝐾2 = 45∘ + 𝛼

2 ,

∠𝐶𝐾2𝐷 = 90∘ − ∠𝐼𝐾2𝐷 = 45∘ − 𝛼
2 = 1

2∠𝐶𝐾2𝐾1,
which completing the proof.
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3. Let 𝐴𝐵𝐶 be a right triangle (∠𝐶 = 90∘), 𝑁 be the midpoint of arc 𝐵𝐴𝐶 of
the circumcircle, and 𝐾 the intersection point of 𝐶𝑁 with 𝐴𝐵. On the extension
of 𝐴𝐾 beyond 𝐾, let 𝑇 be the point chosen such that 𝑇𝐾 = 𝐾𝐴. Prove that the
circle with center 𝑇 and radius 𝑇𝐾 is tangent to 𝐵𝐶.

(Mykhailo Sydorenko)

Solution.
Draw 𝑇𝐷 ⟂ 𝐵𝐶 and 𝑇𝐸 ⟂ 𝐴𝐶 (Fig. 3). It

suffices to prove that 𝑇𝐷 = 𝑇𝐾. Since 𝐾𝐸 is the
median of the right triangle 𝐴𝐸𝑇, drawn to the
hypotenuse, we have 𝐾𝐸 = 𝑇𝐾 = 𝐾𝐴, and since
𝑇𝐷𝐶𝐸 is a rectangle, 𝑇𝐷 = 𝐶𝐸. It remains to
prove that 𝐾𝐸 = 𝐶𝐸. Let ∠𝐵𝐴𝐶 = 2𝛼. Then
∠𝐵𝑁𝐶 = 2𝛼, implying ∠𝐵𝐶𝑁 = ∠𝐶𝐵𝑁 = 90∘−𝛼,
∠𝐾𝐶𝐸 = 90∘ − ∠𝐵𝐶𝑁 = 𝛼, ∠𝐾𝐸𝐴 = 2𝛼 and
∠𝐶𝐾𝐸 = ∠𝐾𝐸𝐴 − ∠𝐾𝐶𝐸 = 𝛼 = ∠𝐾𝐶𝐸. Thus,
triangle 𝐾𝐸𝐶 is isosceles, completing the proof.

Fig. 3

4. Let 𝐴𝐵𝐶 be an acute triangle, 𝐴𝐷, 𝐵𝐸, and 𝐶𝐹 its altitudes, and 𝐻 the
orthocenter. On the rays 𝐴𝐷, 𝐵𝐸, and 𝐶𝐹, points 𝐴1, 𝐵1, and 𝐶1 chosen such that
𝐴𝐴1 = 𝐻𝐷, 𝐵𝐵1 = 𝐻𝐸, and 𝐶𝐶1 = 𝐻𝐹 respectively. Let 𝐴2, 𝐵2, and 𝐶2 be the
midpoints of 𝐴1𝐷, 𝐵1𝐸, and 𝐶1𝐹, respectively. Prove that the points 𝐻, 𝐴2, 𝐵2,
and 𝐶2 lie on the same circle.

(Mykhailo Barkulov)

Solution.
Let 𝑂 be the circumcenter of triangle 𝐴𝐵𝐶.

Extend the altitudes and mark points 𝐻1, 𝐻2, and
𝐻3 such that 𝐷𝐻1 = 𝐷𝐻, 𝐸𝐻2 = 𝐸𝐻, and
𝐹𝐻1 = 𝐹𝐻. (Fig. 4). Then 𝐴2 is the midpoint of
both segments 𝐴1𝐷 and 𝐴𝐻1. The right triangles
𝐵𝐷𝐻 and 𝐵𝐷𝐻1 are congruent by two legs. Hence
∠𝐵𝐻1𝐴 = ∠𝐵𝐻𝐷 = 90∘ − ∠𝐻𝐵𝐶 = ∠𝐵𝐶𝐴,
so point 𝐻1 lies on the circumcircle of triangle
𝐴𝐵𝐶. Therefore, the perpendicular bisector of
𝐴𝐻1 passes through 𝑂, implying ∠𝐻𝐴2𝑂 = 90∘.
Similarly, ∠𝐻𝐵2𝑂 = 90∘ and ∠𝐻𝐶2𝑂 = 90∘. Thus,
the points 𝐻, 𝐴2, 𝐵2, 𝐶2, and 𝑂 lie on a circle with
diameter 𝐻𝑂. Fig. 4
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5. Through vertex 𝐴 of triangle 𝐴𝐵𝐶, a line
ℓ ∥ 𝐵𝐶 is drawn. Two circles, each congruent to
the incircle of triangle 𝐴𝐵𝐶, are tangent to the
lines ℓ, 𝐴𝐵, and 𝐴𝐶 as shown in the diagram.
The lines 𝐷𝐸 and 𝐹𝐺 intersect at point 𝑃, which
lies on 𝐵𝐶. Prove that 𝑃 is the midpoint of 𝐵𝐶.

(Mykhailo Plotnikov)

Solution. Let 𝐼 be the incenter of triangle 𝐴𝐵𝐶, 𝐾 and 𝐿 the points of tangency
of this circle with sides 𝐴𝐵 and 𝐴𝐶, and 𝑂1 and 𝑂2 the centers of the two
other circles from the problem statement (Fig. 5). Since 𝐴𝐷 = 𝐴𝐸 as tangents
drawn from a single point to a circle, ∠𝐴𝐷𝐸 = ∠𝐴𝐸𝐷. But ∠𝐴𝐷𝐸 = ∠𝐵𝑃𝐸
(corresponding angles with parallel lines) and ∠𝐴𝐸𝐷 = ∠𝐵𝐸𝑃 (vertical angles).
Hence ∠𝐵𝐸𝑃 = ∠𝐵𝑃𝐸, triangle 𝐵𝑃𝐸 is isosceles, and 𝐵𝑃 = 𝐵𝐸. Similarly, 𝐶𝑃 =
𝐶𝐺, so it suffices to establish that 𝐵𝐸 = 𝐶𝐺.

The right triangles 𝑂1𝐴𝐸 and 𝐼𝐵𝐾 are congruent by a leg and an acute angle
(𝑂1𝐸 = 𝐼𝐾 as radii of congruent circles, ∠𝑂1𝐴𝐸 = 1

2∠𝐷𝐴𝐸 = 1
2∠𝑃𝐵𝐸 = ∠𝐼𝐵𝐾).

Thus, 𝐴𝐸 = 𝐵𝐾, and consequently 𝐵𝐸 = 𝐴𝐵 − 𝐴𝐸 = 𝐴𝐵 − 𝐵𝐾 = 𝐴𝐾. Similarly,
𝐶𝐺 = 𝐴𝐿, and noting that 𝐴𝐾 = 𝐴𝐿 as tangents from a single point, the proof is
complete.

Fig. 5
6. In an isosceles triangle 𝐴𝐵𝐶 with ∠𝐵𝐴𝐶 = 108∘, the bisector of angle 𝐴𝐵𝐶

intersects the circumcircle of the triangle at point 𝐷. Point 𝐸 on segment 𝐵𝐶 is
such that 𝐴𝐵 = 𝐵𝐸. Prove that the perpendicular bisector of 𝐶𝐷 is tangent to the
circumcircle of triangle 𝐴𝐵𝐸.

(Bohdan Zheliabovskyi)
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Solution. The base angles of isosceles triangle 𝐴𝐵𝐶 are ∠𝐴𝐵𝐶 = ∠𝐵𝐶𝐴 = 36∘.
Let𝑂 be the circumcenter of triangle𝐴𝐵𝐶 and ℓ the perpendicular bisector of 𝐶𝐷
(Fig. 6). From the isosceles triangle 𝐴𝐵𝐸, we find ∠𝐴𝐸𝐵 = 90∘ − 1

2∠𝐴𝐵𝐶 = 72∘.
Also, ∠𝐴𝑂𝐵 = 2∠𝐴𝐶𝐵 = 72∘, since the central angle is twice the inscribed angle.
Hence, the circumcircle of triangle 𝐴𝐵𝐸 passes through point 𝑂. The line ℓ also
passes through point 𝑂. We will show that ℓ is tangent to the circumcircle of
triangle 𝐴𝐵𝐸 at this point.

Since ∠𝐴𝐶𝐷 = ∠𝐴𝐵𝐷 = 1
2∠𝐴𝐵𝐶 = 18∘ and ∠𝐵𝐶𝐷 = ∠𝐵𝐶𝐴 + ∠𝐴𝐶𝐷 = 54∘,

we have ∠𝐴𝐵𝐶 + ∠𝐵𝐶𝐷 = 90∘. Thus, 𝐴𝐵 ⟂ 𝐶𝐷, and therefore ℓ ∥ 𝐴𝐵. But
triangle 𝐴𝑂𝐵 is isosceles, so the tangent to its circumcircle at point 𝑂 is parallel
to 𝐴𝐵, implying that this tangent is the line ℓ.

Fig. 6
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9TH GRADE

1. In an acute triangle 𝐴𝐵𝐶, the altitudes 𝐵𝐷 and 𝐶𝐸 intersect at point 𝐻. A
point 𝐹 is chosen on side 𝐴𝐶, such that 𝐹𝐻 ⟂ 𝐶𝐸. Segment 𝐹𝐸 intersects the
circumcircle of triangle 𝐶𝐷𝐸 at point 𝐾. Prove that 𝐻𝐾 ⟂ 𝐸𝐹.

(Matthew Kurskyi)

Solution.
Points 𝐷 and 𝐸 lie on the circle with diameter

𝐵𝐶. By the problem statement, point 𝐾 also
belongs to this circle, so ∠𝐾𝐷𝐵 = 180∘ −
∠𝐾𝐸𝐵 = ∠𝐾𝐸𝐴 (Fig. 1). Since 𝐹𝐻 ⟂ 𝐶𝐸
and 𝐴𝐵 ⟂ 𝐶𝐸, it follows that 𝐹𝐻 ∥ 𝐴𝐵.
Hence, ∠𝐻𝐹𝐸 = ∠𝐾𝐸𝐴. Therefore, ∠𝐻𝐹𝐸 =
∠𝐾𝐷𝐵, and quadrilateral 𝐷𝐹𝐾𝐻 is cyclic. Thus,
∠𝐹𝐾𝐻 = 180∘ − ∠𝐻𝐷𝐹 = 90∘, which means
𝐻𝐾 ⟂ 𝐸𝐹.

Fig. 1

2. Let 𝐵𝐶 and 𝐵𝐷 be the tangents drawn from point 𝐵 to the circle with
diameter 𝐴𝐶, and let 𝐸 be the second intersection point of line 𝐶𝐷 with the
circumcircle of triangle 𝐴𝐵𝐶. Prove that 𝐶𝐷 = 2𝐷𝐸.

(Matthew Kurskyi)

Solution.
Let 𝑂 be the midpoint of 𝐴𝐶 and 𝐹 the

intersection point of 𝐵𝑂 with 𝐶𝐷 (Fig. 2). The
right triangles 𝑂𝐵𝐶 and 𝑂𝐵𝐷 are congruent
by three sides (𝑂𝐶 = 𝑂𝐷 as radii, 𝐵𝐶 = 𝐵𝐷 as
tangents), so 𝐵𝐹 is the angle bisector, altitude,
and median of isosceles triangle 𝐶𝐵𝐷. The
right triangles 𝐴𝐶𝐵 and 𝐸𝐹𝐵 are similar, since
∠𝐹𝐸𝐵 = ∠𝐶𝐸𝐵 = ∠𝐶𝐴𝐵. Since 𝐵𝑂 is the
median of triangle 𝐴𝐶𝐵 and ∠𝑂𝐵𝐶 = ∠𝐷𝐵𝐹,
it follows that 𝐵𝐷 is the median of triangle
𝐸𝐹𝐵. Hence, 𝐶𝐹 = 𝐹𝐷 = 𝐷𝐸, and thus 𝐶𝐷 =
2𝐷𝐸. Fig. 2

3. Given a triangle 𝐴𝐵𝐶 , with a marked point 𝐼 as its incenter, and 𝐾1 and 𝐾2
being the points of tangency of the incircle with sides 𝐵𝐶 and 𝐴𝐶, respectively.
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Using a compass and a ruler, construct the center of the excircle of triangle 𝐶𝐾1𝐾2
that is tangent to 𝐶𝐾2, using at most 4 lines (a line is a straight line or a circle).

(Hryhorii Filippovskyi and Volodymyr Brayman)

Solution.
First, draw two lines: the incircle of triangle

𝐴𝐵𝐶 (with center 𝐼 and radius 𝐼𝐾1) and the line
𝐶𝐼. Let these intersect at points 𝐷 and 𝐸, where
𝐶𝐷 < 𝐶𝐸 (Fig. 3). We will show that 𝐷 is the
center of the incircle of triangle 𝐶𝐾1𝐾2. Indeed,
denote the center of the incircle by 𝐷 ′. Point 𝐷 ′

lies on 𝐶𝐼, and since 𝐼 is the midpoint of the arc
𝐾1𝐾2 of the circumcircle of triangle 𝐶𝐾1𝐾2, by the
“Incenter lemma”, we have 𝐼𝐷 ′ = 𝐼𝐾2 = 𝐼𝐾3. Thus,
points 𝐷 and 𝐷 ′ coincide. Since∠𝐷𝐾2𝐸 = 90∘, 𝐾2𝐸
is the angle bisector of the exterior angle at vertex
𝐾2 of triangle 𝐶𝐾1𝐾2. Next, draw two more lines:
𝐸𝐾2 and 𝐾1𝐷. Their intersection gives the required
center of the excircle. Fig. 3

Note. Point 𝐸 is the center of the excircle of triangle 𝐶𝐾1𝐾2 that is tangent to
𝐾1𝐾2.

4. Let 𝐵𝐸 and 𝐶𝐹 be the altitudes of an acute triangle 𝐴𝐵𝐶, 𝐻 its orthocenter,
𝑀 the midpoint of 𝐵𝐶, 𝐾 and 𝐿 the intersection points of the perpendicular
bisector of 𝐵𝐶 with 𝐵𝐷 and 𝐶𝐸, respectively, and 𝑄 the orthocenter of triangle
𝐾𝐿𝐻. Prove that 𝑄 lies on the median 𝐴𝑀.

(Bohdan Zheliabovskyi)

Solution.
Triangles 𝐴𝐵𝐶 and 𝐻𝐿𝐾 are similar because

the corresponding sides of these triangles are
perpendicular, and therefore their corresponding
angles are equal. Let 𝐴𝐷 and𝐻𝑃 be the altitudes of
these triangles, drawn to 𝐵𝐶 and 𝐾𝐿, respectively,
and let 𝑄 ′ be the intersection point of 𝐴𝑀 with
𝐻𝑃 (Fig. 4). To show that 𝑄 and 𝑄 ′ coincide, it
suffices to prove that 𝐻𝑄 ′ ∶ 𝑄 ′𝑃 = 𝐴𝐻 ∶ 𝐻𝐷. Since
the right triangles 𝐴𝑄 ′𝐻 and 𝑀𝑄 ′𝑃 are similar,
𝐻𝑄 ′ ∶ 𝑄 ′𝑃 = 𝐴𝐻 ∶ 𝑀𝑃. It remains to observe that
𝑀𝑃 = 𝐻𝐷, because 𝑀𝑃𝐻𝐷 is a rectangle. Fig. 4
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5. Let 𝐼 be the incenter of triangle 𝐴𝐵𝐶, and 𝐾 the point of tangency of
the incircle with side 𝐵𝐶. Points 𝑋 and 𝑌 are chosen on segments 𝐵𝐼 and 𝐶𝐼,
respectively, such that 𝐾𝑋 ⟂ 𝐴𝐵 and 𝐾𝑌 ⟂ 𝐴𝐶. The circumcircle of triangle
𝑋𝑌𝐾 meets 𝐵𝐶 again at point 𝐷 (other than point 𝐾). Prove that 𝐴𝐷 ⟂ 𝐵𝐶.

(Matthew Kurskyi)

Solution. Let 𝐾𝑋 and 𝐾𝑌 intersect 𝐴𝐵 and 𝐴𝐶 at points 𝐸 and 𝐹, respectively,
and let 𝐴𝐻 be the altitude of triangle 𝐴𝐵𝐶 (Fig. 5). We will show that points
𝑋,𝑌, 𝐾,𝐻 lie on the same circle. This will imply that points 𝐷 and 𝐻 coincide.
The right triangles 𝐵𝐸𝑋 and 𝐵𝐾𝐼 are similar, so 𝐵𝑋

𝐵𝐼 = 𝐵𝐸
𝐵𝐾 = cos𝐵 = 𝐵𝐻

𝐵𝐴 . Hence,
𝐵𝑋 ∶ 𝐵𝐻 = 𝐵𝐼 ∶ 𝐵𝐴, which means triangles 𝐵𝐻𝑋 and 𝐵𝐴𝐼 are similar by two
sides and the included angle. Thus, ∠𝐵𝐻𝑋 = ∠𝐵𝐴𝐼 = 𝐴

2 . Similarly, ∠𝐶𝐻𝑌 = 𝐴
2 ,

so ∠𝑋𝐻𝑌 = 180∘ −∠𝐵𝐻𝑋 −∠𝐶𝐻𝑌 = 180∘ −𝐴. From quadrilateral 𝐴𝐸𝐾𝐹, we
find ∠𝑋𝐾𝑌 = ∠𝐸𝐾𝐹 = 180∘ − 𝐴 = ∠𝑋𝐻𝑌, so points 𝑋,𝑌, 𝐾,𝐻 lie on the same
circle, completing the proof.

Fig. 5

6. Around an acute triangle 𝐴𝐵𝐶, equilateral
triangles 𝐾𝐿𝑀 and 𝑃𝑄𝑅 are constructed as shown
in the diagram. Lines 𝑃𝐾 and 𝑄𝐿 intersect at point
𝐷. Prove that ∠𝐴𝐵𝐶 + ∠𝑃𝐷𝑄 = 120∘.

(Yurii Biletskyi)

Solution. Since ∠𝐴𝑃𝐵 = ∠𝐴𝐾𝐵 = 60∘, quadrilateral 𝐴𝑃𝐾𝐵 is cyclic, and
similarly, quadrilateral 𝐵𝑄𝐿𝐶 is cyclic. Let the circles circumscribed around these
quadrilaterals intersect at points 𝐵 and 𝑂 (Fig. 6). Then ∠𝐴𝑂𝐵 = 120∘. We will
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show that quadrilateral 𝑃𝐷𝑄𝑂 is cyclic. Indeed, let ∠𝑃𝑂𝐴 = ∠𝑃𝐾𝐴 = 𝛼 and
∠𝐵𝑂𝑄 = ∠𝐵𝐿𝑄 = 𝛽. Then

∠𝑃𝑂𝑄 = ∠𝐴𝑂𝐵 − ∠𝑃𝑂𝐴 + ∠𝐵𝑂𝑄 = 120∘ − 𝛼 + 𝛽,

∠𝑃𝐷𝑄 = ∠𝑃𝐾𝐿 − ∠𝐾𝐿𝑄 = 60∘ + 𝛼 − 𝛽,
hence ∠𝑃𝑂𝑄 + ∠𝑃𝐷𝑄 = 180∘. Now,

∠𝐴𝐵𝐶 + ∠𝑃𝐷𝑄 =∠𝐴𝐵𝑂 + ∠𝑂𝐵𝐶 + ∠𝑃𝐷𝑂 + ∠𝑂𝐷𝑄 =
=∠𝐴𝑃𝑂 + ∠𝑂𝑄𝐶 + ∠𝑃𝑄𝑂 + ∠𝑂𝑃𝑄 =
=∠𝐴𝑃𝑄 + ∠𝑃𝑄𝐶 = 60∘ + 60∘ = 120∘.

Fig. 6
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10-11TH GRADE

1. Circles𝜔1 and𝜔2 are tangent to a line ℓ at points 𝐴 and 𝐵, respectively, and
are tangent to each other externally at point 𝐷. A point 𝐸 is chosen arbitrarily
on the minor arc 𝐵𝐷 of circle 𝜔2. The line 𝐷𝐸 meets circle 𝜔1 at point 𝐶 for the
second time. Prove that 𝐵𝐸 ⟂ 𝐴𝐶.

(Yurii Biletskyi)

Solution. Let𝑂1 and𝑂2 be the centers of circles𝜔1 and𝜔2, respectively, and let
𝐹 be the intersection point of lines 𝐴𝐶 and 𝐵𝐸 (Fig. 1). We will show that points
𝐴, 𝐵, 𝐷, and 𝐹 lie on the same circle. Indeed, in the isosceles triangles 𝑂1𝐶𝐷 and
𝑂2𝐷𝐸, we have ∠𝑂1𝐷𝐶 = ∠𝑂2𝐷𝐸 as vertical angles, thus ∠𝐶𝑂1𝐷 = ∠𝐷𝑂2𝐸.
Therefore,

∠𝐶𝐴𝐷 = 1
2∠𝐶𝑂1𝐷 = 1

2∠𝐷𝑂2𝐸 = ∠𝐷𝐵𝐸,
which implies ∠𝐹𝐴𝐷 = ∠𝐹𝐵𝐷, and quadrilateral 𝐴𝐵𝐷𝐹 is cyclic.

Since 𝐴𝑂1 ∥ 𝐵𝑂2, it follows that ∠𝐴𝑂1𝐷 + ∠𝐵𝑂2𝐷 = 180∘. From the isosceles
triangles 𝐴𝑂1𝐷 and 𝐵𝑂2𝐷, we find

∠𝑂1𝐷𝐴 + ∠𝑂2𝐷𝐵 = (90∘ − 1
2∠𝐴𝑂1𝐷) + (90∘ − 1

2∠𝐵𝑂2𝐷) = 90∘.

Hence, ∠𝐴𝐷𝐵 = 90∘, and therefore ∠𝐴𝐹𝐵 = 90∘.
Solution 2. Let the homothety centered at 𝐷, which maps circle 𝜔2 onto circle

𝜔1,map radius 𝑂2𝐵 to radius 𝑂1𝐺 (Fig. 2). This homothety maps triangle 𝐵𝐸𝐷 to
triangle 𝐺𝐶𝐷, so 𝐺𝐶 ∥ 𝐵𝐸. Since 𝑂2𝐵 ∥ 𝑂1𝐴 and 𝑂2𝐵 ∥ 𝑂1𝐺, we have 𝐺−𝑂1−𝐴
as a diameter of circle 𝜔1. Thus, 𝐴𝐶 ⟂ 𝐺𝐶, which implies 𝐴𝐶 ⟂ 𝐵𝐸.

Fig. 1 Fig. 2

2. Let 𝐼 be the incenter of triangle 𝐴𝐵𝐶, where ∠𝐴 = 60∘, and let 𝐷 be the
point of tangency of the incircle with side 𝐵𝐶. Points 𝑋 and 𝑌 are chosen on
segments 𝐵𝐼 and 𝐶𝐼, respectively, such that 𝐷𝑋 ⟂ 𝐴𝐵 and 𝐷𝑌 ⟂ 𝐴𝐶. A point

9
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𝑍 is chosen such that triangle 𝑋𝑌𝑍 is equilateral, and points 𝑍 and 𝐼 lie on the
same side of line 𝑋𝑌. Prove that 𝐴𝑍 ⟂ 𝐵𝐶.

(Matthew Kurskyi)

Solution. Let the incircle of triangle 𝐴𝐵𝐶 touch sides 𝐴𝐶 and 𝐴𝐵 at points 𝐸
and 𝐹, respectively (Fig. 3). Since 𝐶𝐼 ⟂ 𝐸𝐷, point 𝑌 is the orthocenter of triangle
𝐷𝐸𝐶. Thus, 𝐸𝑌 ⟂ 𝐵𝐶 and 𝐼𝐷 ⟂ 𝐵𝐶, which implies 𝐸𝑌 ∥ 𝐼𝐷. Similarly, 𝐸𝐼 ∥ 𝑌𝐷,
so 𝐸𝐼𝐷𝑌 is a parallelogram, and 𝐸𝑌 = 𝐼𝐷. Analogously, 𝐹𝑋 = 𝐼𝐷.
The equilateral triangles 𝐴𝐸𝐹 and 𝑍𝑌𝑋 are similar and equally oriented, and

under the parallel translation by vector 𝐸𝑌 = 𝐹𝑋, points 𝐸 and 𝐹 map to points
𝑌 and 𝑋, respectively. Thus, point 𝐴 maps to point 𝑍, 𝐴𝑍 = 𝐸𝑌, and therefore
𝐴𝑍 ⟂ 𝐵𝐶.

Fig. 3

3. Given an acute triangle 𝐴𝐵𝐶. Squares 𝐴𝐴1𝐴2𝐴3,
𝐵𝐵1𝐵2𝐵3, and 𝐶𝐶1𝐶2𝐶3 are positioned such that the
lines 𝐴1𝐴2, 𝐵1𝐵2, and 𝐶1𝐶2 pass through points 𝐵, 𝐶,
and 𝐴, respectively, and the lines 𝐴2𝐴3, 𝐵2𝐵3, and
𝐶2𝐶3 pass through points 𝐶, 𝐴, and 𝐵, respectively.
Prove that
a) the lines 𝐴𝐴2, 𝐵1𝐵3, and 𝐶1𝐶3 are concurrent;
b) the lines 𝐴𝐴2, 𝐵𝐵2, and 𝐶𝐶2 are concurrent.

(Mykhailo Plotnikov)

Solution. a) The lines 𝐵1𝐵3, 𝐴𝐴2, and 𝐶1𝐶3 contain the bisectors of the right
angles ∠𝐵𝐵1𝐶, ∠𝐵𝐴2𝐶, and ∠𝐵𝐶3𝐶, so all of them pass through point 𝐴 ′, the
midpoint of the semicircle constructed on 𝐵𝐶 as a diameter outside triangle 𝐴𝐵𝐶
(Fig. 4).

10
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b) Let 𝐴 ′, 𝐵 ′, and 𝐶 ′ be the midpoints of the semicircles with diameters 𝐵𝐶,
𝐴𝐶, and 𝐴𝐵, constructed outside triangle 𝐴𝐵𝐶. From part a), line 𝐴1𝐴3 passes
through points 𝐵 ′ and 𝐶 ′, and line𝐴𝐴2 passes through point𝐴 ′. Since𝐴1𝐴3 ⟂ 𝐴𝐴2
as the diagonals of a square, line 𝐴𝐴2 contains the altitude of triangle 𝐴 ′𝐵 ′𝐶 ′. The
lines 𝐵𝐵2 and 𝐶𝐶2 also contain the altitudes of triangle 𝐴 ′𝐵 ′𝐶 ′, so the lines 𝐴𝐴2,
𝐵𝐵2, and 𝐶𝐶2 meet at the orthocenter of this triangle.

Fig. 4
4. On a semicircle with diameter 𝐴𝐵, a point 𝐶 is chosen arbitrarily. Let 𝑃 and

𝑄 be points on segment 𝐴𝐵 such that 𝐴𝑃 = 𝐴𝐶 and 𝐵𝑄 = 𝐵𝐶, and let 𝑂 and
𝐻 be the circumcenter and orthocenter of triangle 𝐶𝑃𝑄, respectively. Prove that
for all possible positions of point 𝐶, line 𝑂𝐻 passes through a fixed point.

(Mykhailo Sydorenko)

Solution. We will show that line 𝑂𝐻 always passes through point 𝑁, the
midpoint of the semicircle with diameter 𝐴𝐵 (Fig. 5).

First, we prove that ∠𝑃𝐶𝑄 = 45∘. Indeed, from the isosceles triangles 𝐴𝐶𝑃
and 𝐵𝐶𝑄, we obtain that ∠𝑄𝑃𝐶 = 90∘ − 1

2∠𝐶𝐴𝐵 and ∠𝑃𝑄𝐶 = 90∘ − 1
2∠𝐶𝐵𝐴,

so

∠𝑃𝐶𝑄 = 180∘ − ∠𝑄𝑃𝐶 − ∠𝑃𝑄𝐶 =
= 180∘ − (90∘ − 1

2∠𝐶𝐴𝐵) − (90∘ − 1
2∠𝐶𝐵𝐴) =

= 1
2(∠𝐶𝐴𝐵 + ∠𝐶𝐵𝐴) = 45∘.

Hence,∠𝑃𝑂𝑄 = 2∠𝑃𝐶𝑄 = 90∘, and 𝑃𝑂𝑄 is an isosceles right triangle. But 𝐴𝑁𝐵
11
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is also an isosceles right triangle, so triangles 𝐴𝑁𝐵 and 𝑄𝑂𝑃 are homothetic.
Since triangles 𝐴𝐶𝑃 and 𝐵𝐶𝑄 are isosceles, 𝐴𝑂 ⟂ 𝐶𝑃 and 𝐵𝑂 ⟂ 𝐶𝑄, implying

𝐴𝑂 ∥ 𝑄𝐻 and 𝐵𝑂 ∥ 𝑃𝐻. Thus, triangles 𝐴𝑂𝐵 and 𝑄𝐻𝑃 are also homothetic.
Consequently, there exists a homothety that maps triangles 𝐴𝑁𝐵 and 𝐴𝑂𝐵 onto
triangles 𝑄𝑂𝑃 and 𝑄𝐻𝑃. This homothety maps segment 𝑁𝑂 onto segment 𝑂𝐻,
and since these segments share a common point, they lie on the same line. Thus,
line 𝑂𝐻 always passes through point 𝑁.

Fig. 5

5. Given a scalene triangle 𝐴𝐵𝐶, with the incenter 𝐼 marked, and the points
of tangency of the incircle with sides 𝐵𝐶, 𝐴𝐶, and 𝐴𝐵 marked as 𝐾1, 𝐾2, and 𝐾3,
respectively. Using only a ruler, construct the circumcenter of triangle 𝐴𝐵𝐶.

(Hryhorii Filippovskyi)

Solution. The construction consists of two steps.
Step 1. Find the midpoints of the sides of triangle 𝑀1, 𝑀2, and 𝑀3.
Method I. Let 𝐷 be the intersection point of lines 𝐾1𝐾3 and 𝐶𝐼. We will show

that 𝐷 lies on line 𝑀2𝑀3 (Fig. 6). Since ∠𝐾1𝐷𝐶 = ∠𝐾3𝐾1𝐵 −∠𝐼𝐶𝐵 = 𝐴+𝐶
2 − 𝐶

2 =
𝐴
2 = ∠𝐾3𝐴𝐼, points 𝐴, 𝐼, 𝐷, 𝐾3 lie on the same circle. Hence, ∠𝐼𝐷𝐴 = ∠𝐼𝐾3𝐴 =
90∘. Let line 𝐴𝐷 intersect 𝐵𝐶 at point 𝐹. Then 𝐶𝐷 is the angle bisector and
altitude of triangle 𝐴𝐶𝐹, so this triangle is isosceles. Hence, 𝐷 is the midpoint of
𝐴𝐹, and therefore lies on line 𝑀2𝑀3. Now let 𝐸 be the intersection point of lines
𝐾1𝐾2 and 𝐵𝐼. This point also lies on 𝑀2𝑀3, so line 𝐷𝐸 intersects 𝐴𝐵 and 𝐴𝐶 at
points 𝑀3 and 𝑀2. Similarly, construct line 𝑀1𝑀2 to find point 𝑀1.

12
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Fig. 6 Fig. 7
Method II. Let 𝐷 be the intersection point of lines 𝐾1𝐼 and 𝐾2𝐾3 (Fig. 7). We

will show that line 𝐴𝐷 passes through point 𝑀1. To do this, draw segment 𝐸𝐹 ∥
𝐵𝐶 through point 𝐷 (𝐸 ∈ 𝐴𝐵, 𝐹 ∈ 𝐴𝐶) and show that 𝐷 is the midpoint of
𝐸𝐹. Indeed, quadrilateral 𝐴𝐾2𝐼𝐾3 is inscribed in a circle with diameter 𝐴𝐼, so
∠𝐼𝐾3𝐾2 = ∠𝐼𝐾2𝐾3 = 𝐴

2 . Since ∠𝐸𝐾3𝐼 = ∠𝐸𝐷𝐼 = 90∘, points 𝐸, 𝐾3, 𝐷, 𝐼 lie
on the same circle, and similarly points 𝐼, 𝐷, 𝐹, 𝐾2 lie on the same circle. Thus,
∠𝐼𝐸𝐷 = ∠𝐼𝐾3𝐷 = 𝐴

2 = ∠𝐼𝐾2𝐷 = ∠𝐼𝐹𝐷. Hence, triangle 𝐼𝐸𝐹 is isosceles, and its
altitude 𝐼𝐷 is the median. Similarly, construct points 𝑀2 and 𝑀3.
Step 2. Construct the perpendicular

bisectors of the sides of the triangle. Let
𝐺 be the intersection point of 𝐴𝑀1 and
𝑀2𝑀3, and 𝑃 the intersection point of
𝑀1𝑀3 and 𝐶𝐺 (Fig. 8). Then segments
𝑀3𝐺 and 𝐺𝑀2 are the midlines of
triangles 𝑀1𝑃𝐶 and 𝐵𝐴𝑀1, so 𝑃𝐴 ∥
𝐵𝐶. Let 𝑄 be the intersection point of
𝐾1𝐼 and 𝑃𝐴, 𝑆 the intersection point of
𝑀1𝑄 and𝑀2𝑀3, and 𝑇 the intersection
point of 𝐾1𝑆 and 𝑃𝐴. It is easy to
verify that 𝑀1𝐾1𝑄𝑇 is a rectangle, so
𝑀1𝑇 ⟂ 𝐵𝐶. Similarly, construct the
perpendicular bisector of another side
to find the circumcenter of triangle
𝐴𝐵𝐶.

Fig. 8

6. Given a scalene triangle 𝐴𝐵𝐶. Through point 𝐵, a line ℓ is drawn that does
not intersect the triangle and forms distinct angles with sides 𝐴𝐵 and 𝐵𝐶. Let
𝑀 be the midpoint of 𝐴𝐶, and let 𝐻𝑎 and 𝐻𝑐 be the feet of the perpendiculars
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drawn from points 𝐴 and 𝐶 to ℓ. The circumcircle of triangle 𝑀𝐵𝐻𝑎 intersects
𝐴𝐵 at point 𝐴1, and the circumcircle of triangle 𝑀𝐵𝐻𝑐 intersects 𝐵𝐶 at point 𝐶1.
Point 𝐴2 is symmetric to 𝐴 with respect to point 𝐴1, and point 𝐶2 is symmetric to
𝐶 with respect to point 𝐶1. Prove that the lines ℓ, 𝐴𝐶2, and 𝐶𝐴2 are concurrent.

(Yana Kolodach)

Solution. Extend 𝐴𝐻𝑎 such that 𝐻𝑎𝑁𝑎 = 𝐴𝐻𝑎 and 𝐶𝐻𝑐 such that 𝐻𝑐𝑁𝑐 = 𝐶𝐻𝑐
(Fig. 9). Observe that lines 𝐵𝐶 and 𝐵𝑁𝑐 are symmetric with respect to ℓ, so points
𝐴, 𝐵, and 𝑁𝑐 are not collinear. Let the circumcircle of triangle 𝐴𝐵𝑁𝑐 intersect ℓ
again at point 𝐸.

Fig. 9
We will show that line 𝐴𝐶2 passes through point 𝐸. Indeed1,

∠𝑁𝑐𝐴𝐸 = ∠𝑁𝑐𝐵𝐸 = ∠𝑁𝑐𝐵𝐻𝑐 = ∠𝐻𝑐𝐵𝐶1 = ∠𝐻𝑐𝑀𝐶1.
Since 𝑀𝐻𝑐 and 𝑀𝐶1 are the midlines of triangles 𝐴𝐶𝑁𝑐 and 𝐴𝐶𝐶2, respectively,
we have

∠𝑁𝑐𝐴𝐶2 = ∠𝐻𝑐𝑀𝐶1 = ∠𝑁𝑐𝐴𝐸,
so line𝐴𝐶2 passes through point 𝐸. Similarly, line𝐴2𝐶 passes through the intersection
point of the circumcircle of triangle𝑁𝑎𝐵𝐶 with line ℓ, distinct from 𝐵. But triangles
𝐴𝐵𝑁𝑐 and 𝑁𝑎𝐵𝐶 are symmetric with respect to line ℓ. Hence, the circumcircle of
triangle 𝑁𝑎𝐵𝐶 also intersects line ℓ at point 𝐸, completing the proof.
1This reasoning corresponds to the configuration depicted in Fig. 9; in other cases, the arguments will be analogous.
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