
VIII Yasinskyi Geometry Olympiad (2024)

8TH GRADE

1. Let 𝐵𝐸 and 𝐶𝐹 be the medians of an acute triangle 𝐴𝐵𝐶. On the line 𝐵𝐶,
points 𝐾 ≠ 𝐵 and 𝐿 ≠ 𝐶 are chosen such that 𝐵𝐸 = 𝐸𝐾 and 𝐶𝐹 = 𝐹𝐿. Prove that
𝐴𝐾 = 𝐴𝐿.

(Heorhii Zhilinskyi)
Solution 1. Let 𝐴𝐴1, 𝐸𝐸1, and 𝐹𝐹1 be the altitudes of triangles 𝐴𝐵𝐶, 𝐵𝐸𝐾,

and 𝐶𝐹𝐿, respectively (Fig. 1). Since 𝐸𝐸1 ∥ 𝐴𝐴1 ∥ 𝐹𝐹1, it follows that 𝐸𝐸1 and
𝐹𝐹1 are the midlines of triangles 𝐴𝐴1𝐶 and 𝐴𝐴1𝐵. Denote 𝐵𝐹1 = 𝐹1𝐴1 = 𝑥
and 𝐴1𝐸1 = 𝐸1𝐵 = 𝑦. Since triangles 𝐵𝐸𝐾 and 𝐶𝐹𝐿 are isosceles, 𝐸1 and 𝐹1
are midpoints of 𝐵𝐾 and 𝐶𝐿, respectively. Therefore, 𝐸1𝐾 = 𝐵𝐸1 = 2𝑥 + 𝑦,
𝐿𝐹1 = 𝐹1𝐶 = 𝑥 + 2𝑦, and hence 𝐿𝐴1 = 𝐴1𝐾 = 2𝑥 + 2𝑦. Thus, in triangle 𝐾𝐴𝐿,
the height 𝐴𝐴1 is also the median, which implies 𝐴𝐾 = 𝐴𝐿.

Solution 2. Extend 𝐵𝐸 to a point 𝑁 such that 𝐸𝑁 = 𝐵𝐸, and extend 𝐶𝐹 to a
point𝑀 such that 𝐹𝑀 = 𝐶𝐹 (Fig. 2). Then𝐴𝐵𝐶𝑁 and𝐴𝐶𝐵𝑀 are parallelograms,
so 𝑀𝐴 = 𝐵𝐶 = 𝐴𝑁, 𝑀𝐴 ∥ 𝐵𝐶, and 𝐴𝑁 ∥ 𝐵𝐶. Hence, 𝑀𝑁 ∥ 𝐵𝐶 and 𝐴 is the
midpoint of 𝑀𝑁. In triangle 𝐵𝑁𝐾, the median 𝐾𝐸 equals half of the side 𝐵𝑁, so
this triangle is right-angled. Thus, 𝑁𝐾 ⟂ 𝐵𝐶, and similarly, 𝑀𝐿 ⟂ 𝐵𝐶. It follows
that 𝐾𝐿𝑀𝑁 is a rectangle. Since 𝐴 is the midpoint of 𝑀𝑁, the right triangles
𝐴𝑁𝐾 and 𝐴𝑀𝐿 are congruent by two legs, and therefore 𝐴𝐾 = 𝐴𝐿.

Fig. 1. Fig. 2.
2. Let 𝐼 be the incenter and 𝑂 be the circumcenter of triangle 𝐴𝐵𝐶, where

∠𝐴 < ∠𝐵 < ∠𝐶. Points 𝑃 and 𝑄 are such that 𝐴𝐼𝑂𝑃 and 𝐵𝐼𝑂𝑄 are isosceles
trapezoids (𝐴𝐼 ∥ 𝑂𝑃, 𝐵𝐼 ∥ 𝑂𝑄). Prove that 𝐶𝑃 = 𝐶𝑄.

(Volodymyr Brayman and Matthew Kurskyi)

Solution. The diagonals of an isosceles trapezoid are equal, so 𝐼𝑃 = 𝐴𝑂 =
𝐵𝑂 = 𝐼𝑄 (Fig. 3). We will prove that ∠𝐶𝐼𝑃 = ∠𝐶𝐼𝑄. From this, it follows that
triangles 𝐶𝐼𝑃 and 𝐶𝐼𝑄 are congruent by SAS theorem, which implies 𝐶𝑃 = 𝐶𝑄.

Let ∠𝐴 = 𝛼, ∠𝐵 = 𝛽, and ∠𝐶 = 𝛾, where 𝛼 < 𝛽 < 𝛾. In the isosceles triangle
𝐴𝑂𝐶, the angle at the vertex is 2𝛽, and the base angle is

∠𝐶𝐴𝑂 = 90∘ − 𝛽 > 90∘ −
1
2(𝛽 + 𝛾) =

𝛼
2 = ∠𝐶𝐴𝐼.

1



VIII Yasinskyi Geometry Olympiad (2024)

Similarly,∠𝐶𝐵𝑂 = 90∘−𝛼 > 𝛽
2 = ∠𝐵𝐶𝐼. Therefore, point𝑂 lies inside angle 𝐴𝐼𝐵,

and points 𝑃 and 𝑄 lie inside angles 𝐴𝐼𝑂 and 𝐵𝐼𝑂, respectively. Consequently,

∠𝐶𝐼𝑃 = ∠𝐶𝐼𝐴 + ∠𝐴𝐼𝑃 and ∠𝐶𝐼𝑄 = ∠𝐶𝐼𝐵 + ∠𝐵𝐼𝑄.

Since ∠𝐶𝐼𝐴 = 90∘ + 𝛽
2 and from the isosceles trapezoid ∠𝐴𝐼𝑃 = ∠𝑂𝐴𝐼 =

∠𝐶𝐴𝑂 − ∠𝐶𝐴𝐼 = 90∘ − 𝛽 − 𝛼
2 , we find that

∠𝐶𝐼𝑃 = 90∘ + 𝛽
2 + 90∘ − 𝛽 − 𝛼

2 = 180∘ − 𝛽
2 − 𝛼

2 = 90∘ + 𝛾
2.

Similarly, ∠𝐶𝐼𝑄 = 90∘ + 𝛾
2, which completes the proof.

Fig. 3.

3. Let 𝑊 be the midpoint of the arc 𝐵𝐶 of the circumcircle of triangle 𝐴𝐵𝐶 ,
such that 𝑊 and 𝐴 lie on opposite sides of line 𝐵𝐶 . On sides 𝐴𝐵 and 𝐴𝐶 , points
𝑃 and 𝑄 are chosen respectively so that 𝐴𝑃𝑊𝑄 is a parallelogram, and on side
𝐵𝐶 , points 𝐾 and 𝐿 are chosen such that 𝐵𝐾 = 𝐾𝑊 and 𝐶𝐿 = 𝐿𝑊 . Prove that
the lines 𝐴𝑊 , 𝐾𝑄, and 𝐿𝑃 are concurrent.

(Matthew Kurskyi)

Solution. Let ∠𝐵𝐴𝐶 = 2𝛼. Since triangle 𝐵𝐾𝑊 is isosceles (Fig. 4), we have

∠𝐵𝑊𝐾 = ∠𝑊𝐵𝐶 = ∠𝑊𝐴𝐶 = 𝛼.

Thus,
∠𝑊𝐾𝐶 = ∠𝐵𝑊𝐾 + ∠𝑊𝐵𝐶 = 2𝛼.

Since 𝑊𝑄 ∥ 𝐴𝐵, it follows that

∠𝑊𝑄𝐶 = 2𝛼 = ∠𝑊𝐾𝐶,

2



VIII Yasinskyi Geometry Olympiad (2024)

whichmeans that quadrilateral𝑊𝐾𝑄𝐶 is cyclic. Similarly, quadrilateral𝑊𝐵𝑃𝐿 is
cyclic. Therefore, ∠𝑊𝑃𝐿 = ∠𝑊𝐶𝐿 = 𝛼 and ∠𝐾𝑄𝑊 = ∠𝐾𝐶𝑊 = 𝛼, so ∠𝐵𝑃𝐿 =
∠𝐶𝑄𝐾 = 3𝛼.

Since the diagonal of the parallelogram 𝐴𝑃𝑊𝑄 is the angle bisector of ∠𝐴,
the figure 𝐴𝑃𝑊𝑄 is a rhombus. Let the lines 𝑃𝐿 and 𝑄𝐾 intersect 𝐴𝑊 at points
𝐷 ′ and 𝐷″ respectively. Since 𝐴𝑃 = 𝐴𝑄, ∠𝑃𝐴𝐷 ′ = ∠𝑄𝐴𝐷″ = 𝛼, and ∠𝐴𝑃𝐷 ′ =
∠𝐴𝑄𝐷″ = 180∘ − 3𝛼, the triangles 𝐴𝑃𝐷 ′ and 𝐴𝑄𝐷″ are congruent. Therefore,
𝐴𝐷 ′ = 𝐴𝐷″, which implies that the points 𝐷 ′ and 𝐷″ coincide.

Fig. 4.

4. On side 𝐴𝐵 of an isosceles trapezoid 𝐴𝐵𝐶𝐷 (𝐴𝐷 ∥ 𝐵𝐶), points 𝐸 and 𝐹 are
chosen such that a circle can be inscribed in quadrilateral 𝐶𝐷𝐸𝐹. Prove that the
circumcircles of triangles 𝐴𝐷𝐸 and 𝐵𝐶𝐹 are tangent to each other.

(Matthew Kurskyi)
Solution. Let𝜔 be the incircle of quadrilateral 𝐶𝐷𝐸𝐹, and let𝜔1 and𝜔2 be the

circumcircles of triangles 𝐴𝐷𝐸 and 𝐵𝐶𝐹, respectively. Denote 𝑂, 𝑂1, and 𝑂2 as
the centers of circles 𝜔, 𝜔1, and 𝜔2, respectively, and let 𝑆 be the intersection of
lines 𝐴𝐵 and 𝐶𝐷 (Fig. 5). The point 𝑂 lies on the angle bisector of ∠𝐴𝑆𝐷, which
is the perpendicular bisector of segments 𝐴𝐷 and 𝐵𝐶 . Therefore, the points 𝑂1
and 𝑂2 also lie on this bisector. We will show that the circles 𝜔1 and 𝜔2 pass
through point 𝑂. Since the centers of these circles lie on the same line with 𝑂, it
follows that 𝑂 is the tangency point of 𝜔1 and 𝜔2.

Denote ∠𝐴𝑆𝐷 = 𝛼. Then
∠𝑆𝐴𝐷 = ∠𝑆𝐵𝐶 = 90∘ −

𝛼
2 .

Since circle𝜔 is inscribed in triangle 𝐸𝑆𝐷, we have∠𝐸𝑂𝐷 = 90∘+𝛼
2 . Therefore,

∠𝐸𝑂𝐷 + ∠𝐸𝐴𝐷 = 180∘, which implies that point 𝑂 lies on circle 𝜔1. Similarly,
3
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since circle 𝜔 is also the excircle for triangle 𝐹𝑆𝐶 , we have ∠𝐹𝑂𝐶 = 90∘ − 𝛼
2 . It

follows that ∠𝐹𝑂𝐶 +∠𝐹𝐵𝐶 = 180∘, which means that point 𝑂 also lies on circle
𝜔2.

Fig. 5.

5. On side 𝐴𝐶 of triangle 𝐴𝐵𝐶 , a point 𝑃 is chosen such that 𝐴𝑃 = 1
3𝐴𝐶 , and

on segment 𝐵𝑃, a point 𝑆 is chosen such that 𝐶𝑆 ⟂ 𝐵𝑃. A point 𝑇 is such that
𝐵𝐶𝑆𝑇 is a parallelogram. Prove that 𝐴𝐵 = 𝐴𝑇 .

(Bohdan Zheliabovskyi)

Solution. Extend 𝐵𝐶 beyond point 𝐵 to a segment 𝐵𝐷 = 𝐷𝐶 , and extend 𝐴𝐶
beyond point 𝐴 to a segment 𝐴𝑄 = 𝐴𝑃 (Fig. 6). Then 𝑃𝑄 = 2

3𝐴𝐶 = 𝐶𝑃, so 𝐵𝑃 is
the midline of triangle 𝐶𝐷𝑄. It follows that 𝐷𝑄 ∥ 𝐵𝑃. Since 𝐵𝐷 = 𝐵𝐶 = 𝑆𝑇 and
𝐵𝐷 ∥ 𝑆𝑇 , quadrilateral 𝐵𝑆𝑇𝐷 is a parallelogram. Therefore, 𝑇𝐷 ∥ 𝐵𝑃, which
implies that 𝐷 − 𝑇 − 𝑄 are collinear and 𝐵𝑃 ∥ 𝑇𝑄.

Fig. 6.
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Since 𝐵𝑇 ∥ 𝐶𝑆 and 𝐶𝑆 ⟂ 𝐵𝑃, it follows that 𝑃𝐵 ⟂ 𝐵𝑇 . Thus, 𝑃𝐵𝑇𝑄 is a
right trapezoid. Let 𝐴𝐻 be the altitude of triangle 𝐴𝐵𝑇 . Then 𝐴𝐻 ∥ 𝐵𝑃, and 𝐴
is the midpoint of 𝑃𝑄. Hence, 𝐴𝐻 is the midline of the trapezoid 𝑃𝐵𝑇𝑄, so 𝐻 is
the midpoint of 𝐵𝑇 . Consequently, in triangle 𝐴𝐵𝑇 , the altitude 𝐴𝐻 is also the
median, which implies that 𝐴𝐵 = 𝐴𝑇 .
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9TH GRADE

1. Inside triangle 𝐴𝐵𝐶 , a point 𝐷 is chosen such that ∠𝐴𝐷𝐵 = ∠𝐴𝐷𝐶 . The
rays 𝐵𝐷 and 𝐶𝐷 intersect the circumcircle of triangle 𝐴𝐵𝐶 at points 𝐸 and 𝐹,
respectively. On segment 𝐸𝐹, points 𝐾 and 𝐿 are chosen such that
∠𝐴𝐾𝐷 = 180∘ − ∠𝐴𝐶𝐵 and ∠𝐴𝐿𝐷 = 180∘ − ∠𝐴𝐵𝐶 , with segments 𝐸𝐿 and 𝐹𝐾
not intersecting line 𝐴𝐷. Prove that 𝐴𝐾 = 𝐴𝐿.

(Matthew Kurskyi)

Solution. Since ∠𝐴𝐸𝐷 = ∠𝐴𝐶𝐵 = 180∘ − ∠𝐴𝐾𝐷, and points 𝐾 and 𝐸 lie on
opposite sides of 𝐴𝐷, quadrilateral 𝐴𝐾𝐷𝐸 is cyclic. Similarly, quadrilateral 𝐴𝐿𝐷𝐹
is also cyclic. Therefore,

∠𝐴𝐾𝐿 = ∠𝐴𝐷𝐸 = 180∘ − ∠𝐴𝐷𝐵 = 180∘ − ∠𝐴𝐷𝐶 = ∠𝐴𝐷𝐹 = ∠𝐴𝐿𝐾.

Fig. 1.

2. Let𝑀 be the midpoint of side 𝐵𝐶 of triangle 𝐴𝐵𝐶 , and let 𝐷 be an arbitrary
point on the arc 𝐵𝐶 of the circumcircle that does not contain 𝐴. Let 𝑁 be the
midpoint of𝐴𝐷. A circle passing through points𝐴,𝑁 , and tangent to𝐴𝐵 intersects
side 𝐴𝐶 at point 𝐸. Prove that points 𝐶 , 𝐷, 𝐸, and 𝑀 are concyclic.

(Matthew Kurskyi)

Solution. Since ∠𝑁𝐴𝐸 = ∠𝐷𝐴𝐶 = ∠𝐷𝐵𝐶 and ∠𝑁𝐸𝐴 = ∠𝐵𝐴𝐷 = ∠𝐵𝐶𝐷
(Fig. 2), triangles 𝐴𝐸𝑁 and 𝐵𝐶𝐷 are similar. Let 𝐾 be the midpoint of 𝐴𝐸. Since
𝑁𝐾 and 𝐷𝑀 are corresponding medians in similar triangles, we have ∠𝑁𝐾𝐸 =
∠𝐷𝑀𝐶 . Moreover, 𝑁𝐾 is the midline of triangle 𝐷𝐴𝐸, so 𝑁𝐾 ∥ 𝐷𝐸. It follows
that

∠𝐷𝐸𝐶 = ∠𝑁𝐾𝐸 = ∠𝐷𝑀𝐶,
6
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and hence points 𝐶 , 𝐷, 𝐸, and 𝑀 are concyclic.

Fig. 2.

3. Let 𝐻 be the orthocenter of an acute triangle 𝐴𝐵𝐶 , and let 𝐴𝑇 be the
diameter of the circumcircle of this triangle. Points 𝑋 and 𝑌 are chosen on sides
𝐴𝐶 and 𝐴𝐵, respectively, such that 𝑇𝑋 = 𝑇𝑌 and ∠𝑋𝑇𝑌 + ∠𝑋𝐴𝑌 = 90∘. Prove
that ∠𝑋𝐻𝑌 = 90∘.

(Matthew Kurskyi)

Solution. Since 𝐴𝑇 is the diameter, we have ∠𝐴𝐵𝑇 = ∠𝐴𝐶𝑇 = 90∘. We will
show that the right triangles𝑋𝐶𝑇 and 𝑇𝐵𝑌 are congruent (Fig. 3). Indeed,𝑋𝑇 =
𝑇𝑌 by the condition, and since

∠𝐶𝑇𝑋 + ∠𝐵𝑇𝑌 = ∠𝐶𝑇𝐵 − ∠𝑋𝑇𝑌 = 180∘ − ∠𝑋𝐴𝑌 − ∠𝑋𝑇𝑌 = 90∘,

it follows that ∠𝐶𝑋𝑇 = ∠𝐵𝑇𝑌 . Therefore, 𝐶𝑋 = 𝐵𝑇 and 𝐵𝑌 = 𝐶𝑇 .
Additionally, since 𝐶𝐻 ⟂ 𝐴𝐵 and 𝑇𝐵 ⟂ 𝐴𝐵, we have 𝑇𝐵 ∥ 𝐶𝐻 , and similarly,

𝑇𝐶 ∥ 𝐵𝐻 . Thus, 𝐵𝐻𝐶𝑇 is a parallelogram, which implies 𝐵𝐻 = 𝐶𝑇 = 𝐵𝑌 and
𝐶𝐻 = 𝐵𝑇 = 𝐶𝑋.
Let ∠𝐵𝐴𝐶 = 𝛼. Then ∠𝐵𝐻𝐶 = 180∘ − 𝛼. Since ∠𝐴𝐶𝐻 = ∠𝐴𝐵𝐻 = 90∘ − 𝛼,

from the isosceles triangles 𝐵𝐻𝑌 and 𝐶𝐻𝑋, we find

∠𝐵𝐻𝑌 = ∠𝐶𝐻𝑋 = 45∘ +
𝛼
2 .

Thus,

∠𝑋𝐻𝑌 = 360∘−∠𝐵𝐻𝐶−∠𝐵𝐻𝑌−∠𝐶𝐻𝑋 = 360∘−(180∘−𝛼)−2⒧45∘ + 𝛼
2⒭ = 90∘.
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Fig. 3.

4. Let 𝜔 be the circumcircle of triangle 𝐴𝐵𝐶 , where 𝐴𝐵 > 𝐴𝐶 . Let 𝑁 be the
midpoint of arc ⌣𝐵𝐴𝐶 , and 𝐷 a point on the circle 𝜔 such that 𝑁𝐷 ⟂ 𝐴𝐵. Let
𝐼 be the incenter of triangle 𝐴𝐵𝐶 . Reconstruct triangle 𝐴𝐵𝐶 , given the marked
points 𝐴,𝐷, and 𝐼 .

(Oleksii Karlyuchenko and Hryhorii Filippovskyi)

Solution. Let 𝑁𝑊 be the diameter of circle 𝜔 (Fig. 4). Since 𝐷𝑊 ⟂ 𝑁𝐷 and
𝐴𝐵 ⟂ 𝑁𝐷, we have 𝐷𝑊 ∥ 𝐴𝐵. Therefore, ⌣𝐴𝐷 =⌣𝐵𝑊 , which implies 𝐴𝐷 =
𝐵𝑊 . By the incenter–excenter lemma, 𝐼𝑊 = 𝐵𝑊 = 𝐶𝑊 . Thus the triangle can
be reconstructed as follows:

1) extend 𝐴𝐼 beyond point 𝐼 by segment 𝐼𝑊 = 𝐴𝐷 to obtain point 𝑊;
2) construct the circumcircle 𝜔 as the circle circumscribed around triangle

𝐴𝐷𝑊;
3) the circle centered at 𝑊 with radius 𝑊𝐼 intersects 𝜔 at points 𝐵 and 𝐶 .

Fig. 4.
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5. Let 𝐴𝐿 be the bisector of triangle 𝐴𝐵𝐶 , 𝑂 the center of its circumcircle, and
𝐷 and 𝐸 the midpoints of 𝐵𝐿 and 𝐶𝐿, respectively. Points 𝑃 and 𝑄 are chosen on
segments 𝐴𝐷 and 𝐴𝐸 such that 𝐴𝑃𝐿𝑄 is a parallelogram. Prove that 𝑃𝑄 ⟂ 𝐴𝑂.

(Mykhailo Plotnikov)

Solution. If 𝐴𝐵 = 𝐴𝐶 , the statement is obvious. Henceforth, assume without
loss of generality that 𝐴𝐵

𝐴𝐶 = 𝑡 > 1.
Let 𝑇 be the intersection of the diagonals of the parallelogram 𝐴𝑃𝐿𝑄 (Fig. 5).

We will prove that 𝑃𝑄 is tangent to the circumcircle of triangle 𝑇𝐷𝐸. Since
triangles 𝑇𝐷𝐸 and 𝐴𝐵𝐶 are homothetic, it follows that line 𝑃𝑄 is parallel to
the tangent to the circumcircle of triangle 𝐴𝐵𝐶 at 𝐴, and thus perpendicular to
the radius 𝐴𝑂.

Fig. 5.
Let line 𝑃𝑄 intersect 𝐵𝐶 at point 𝐹, and let the tangent to the circumcircle of

triangle 𝑇𝐷𝐸 at 𝑇 intersect 𝐵𝐶 at point 𝐹 ′. We will show that 𝐹 ′ = 𝐹. Both points
𝐹 and 𝐹 ′ lie outside segment 𝐵𝐶 , so it suffices to prove that 𝐷𝐹

𝐸𝐹 = 𝐷𝐹 ′
𝐸𝐹 ′ .

By the property of the bisector,
𝐷𝐿
𝐸𝐿 =

𝐵𝐿
𝐶𝐿 =

𝐴𝐵
𝐴𝐶 = 𝑡.

Since 𝑃𝐿 ∥ 𝐴𝐸 and 𝑄𝐿 ∥ 𝐴𝐷, by the theorem on proportional segments,
𝐷𝑃
𝑃𝐴 =

𝐴𝑄
𝑄𝐸 =

𝐷𝐿
𝐸𝐿 = 𝑡.

By Menelaus’ theorem,
𝐷𝑃
𝑃𝐴 ⋅

𝐴𝑄
𝑄𝐸 ⋅

𝐸𝐹
𝐷𝐹 = 1,

which implies that
𝐷𝐹
𝐸𝐹 =

𝐷𝑃
𝑃𝐴 ⋅

𝐴𝑄
𝑄𝐸 = 𝑡2.
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Since ∠𝐸𝑇𝐹 ′ = ∠𝐹 ′𝐷𝑇 , triangles 𝐸𝑇𝐹 ′ and 𝐹 ′𝐷𝑇 are similar. Therefore,

𝑇𝐹 ′

𝐸𝐹 ′ =
𝐷𝐹 ′

𝑇𝐹 ′ =
𝐷𝑇
𝐸𝑇 =

𝐴𝐵
𝐴𝐶 = 𝑡,

and so
𝐷𝐹 ′

𝐸𝐹 ′ =
𝐷𝐹 ′

𝑇𝐹 ′ ⋅
𝑇𝐹 ′

𝐸𝐹 ′ = 𝑡2 =
𝐷𝐹
𝐸𝐹 .

This completes the proof.
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10–11TH GRADE

1. Let 𝐼 and 𝑂 be the incenter and circumcenter of the right triangle 𝐴𝐵𝐶
(∠𝐶 = 90∘), and let 𝐾 be the tangency point of the incircle with 𝐴𝐶 . Let 𝑃 and
𝑄 be the points where the circumcircle of triangle 𝐴𝑂𝐾 intersects 𝑂𝐶 and the
circumcircle of triangle 𝐴𝐵𝐶 , respectively. Prove that points 𝐶, 𝐼, 𝑃, and 𝑄 are
concyclic.

(Mykhailo Sydorenko)

Solution. Since 𝐶𝐼𝐾 is a right triangle with a 45∘ angle, we have 𝐼𝐾 = 𝐶𝐾 . The
quadrilateral 𝐴𝐾𝑃𝑂 is cyclic (Fig. 1), so

∠𝐾𝑃𝐶 = 180∘ − ∠𝐾𝑃𝑂 = ∠𝐾𝐴𝑂 = ∠𝐴𝐶𝑂.

Therefore, triangle 𝐾𝑃𝐶 is isosceles, which implies 𝑃𝐾 = 𝐶𝐾 . Thus, 𝐾 is the
center of the circumcircle of triangle 𝐶𝐼𝑃. It remains to prove that point 𝑄 also
lies on this circle, i.e., 𝑄𝐾 = 𝑃𝐾 . Since ∠𝑄𝐴𝑃 = ∠𝑄𝑂𝑃 = ∠𝑄𝑂𝐶 = 2∠𝑄𝐴𝐶 ,
the line 𝐴𝐶 is the bisector of ∠𝑄𝐴𝑃. Hence, 𝐾 is the midpoint of the arc⌣ 𝑄𝐾𝑃,
and therefore 𝑄𝐾 = 𝑃𝐾 .

Fig. 1.

2. Let 𝑂 and 𝐻 be the circumcenter and orthocenter of the acute triangle 𝐴𝐵𝐶 .
On sides 𝐴𝐶 and 𝐴𝐵, points 𝐷 and 𝐸 are chosen respectively such that segment
𝐷𝐸 passes through point 𝑂 and 𝐷𝐸 ∥ 𝐵𝐶 . On side 𝐵𝐶 , points 𝑋 and 𝑌 are chosen
such that 𝐵𝑋 = 𝑂𝐷 and 𝐶𝑌 = 𝑂𝐸. Prove that ∠𝑋𝐻𝑌 + 2∠𝐵𝐴𝐶 = 180∘.

(Matthew Kurskyi)
Solution 1.Wewill show that𝐻𝑌 = 𝐶𝑌 . To do so, construct the perpendiculars

𝑂𝑀 ⟂ 𝐴𝐵 and 𝑌𝑁 ⟂ 𝐶𝐻 (Fig. 2). Since 𝑂 is the orthocenter of the triangle
formed by the midlines of triangle 𝐴𝐵𝐶 , we have 𝐶𝐻 ∥ 𝑂𝑀 and 𝐶𝐻 = 2𝑂𝑀 .
The right triangles 𝑂𝑀𝐸 and 𝐶𝑁𝑌 are congruent by one leg and an acute angle
(𝑂𝐸 = 𝐶𝑌 by condition, and ∠𝑀𝑂𝐸 = ∠𝑁𝐶𝑌 since their corresponding sides

11
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are parallel). Therefore, 𝐶𝑁 = 𝑂𝑀 = 1
2𝐶𝐻 . Hence, in triangle 𝐶𝑌𝐻 , the height

𝑌𝑁 is also a median, so 𝐻𝑌 = 𝐶𝑌 . Therefore,
∠𝐻𝑌𝑋 = 2∠𝐻𝐶𝐵 = 2(90∘ − ∠𝐴𝐵𝐶) = 180∘ − 2∠𝐴𝐵𝐶.

Similarly, 𝐻𝑋 = 𝑋𝐵, so ∠𝐻𝑋𝑌 = 180∘ − 2∠𝐴𝐶𝐵. Thus,
∠𝑋𝐻𝑌 = 180∘−∠𝐻𝑌𝑋 −∠𝐻𝑋𝑌 = 2∠𝐴𝐵𝐶 +2∠𝐴𝐶𝐵 −180∘ = 180∘−2∠𝐵𝐴𝐶.

Fig. 2. Fig. 3.
Solution 2. Let 𝐻 ′, 𝑋 ′, and 𝑌 ′ be the reflections of 𝐻,𝑋, and 𝑌 with respect to

the midpoint of side 𝐵𝐶 (Fig. 3). Since 𝐶𝐻 ⟂ 𝐴𝐵, 𝐵𝐻 ⟂ 𝐴𝐶 , and 𝐵𝐻𝐶𝐻 ′ forms
a parallelogram, it follows that ∠𝐴𝐵𝐻 ′ = ∠𝐴𝐶𝐻 ′ = 90∘, so 𝐴𝐻 ′ is a diameter
of the circumcircle of triangle 𝐴𝐵𝐶 . Since 𝐶𝑋 ′ = 𝐵𝑋 = 𝑂𝐷 and 𝐶𝑋 ′ ∥ 𝑂𝐷,
quadrilateral 𝑂𝐷𝐶𝑋 ′ is a parallelogram. Therefore, 𝑂𝑋 ′ ∥ 𝐴𝐶 , which implies
𝑂𝑋 ′ ⟂ 𝐶𝐻 ′. Thus, point 𝑋 ′ lies on the altitude of the isosceles triangle 𝑂𝐶𝐻 ′

(𝑂𝐶 = 𝑂𝐻 ′ as radii), so

∠𝑂𝐻 ′𝑋 ′ = ∠𝑂𝐶𝐵 =
1
2(180

∘ − ∠𝐵𝑂𝐶) = 90∘ − ∠𝐵𝐴𝐶.

Similarly, ∠𝑂𝐻 ′𝑌 ′ = 90∘ − ∠𝐵𝐴𝐶 , so
∠𝑋𝐻𝑌 = ∠𝑋 ′𝐻 ′𝑌 ′ = ∠𝑂𝐻 ′𝑋 ′ + ∠𝑂𝐻 ′𝑌 ′ = 180∘ − 2∠𝐵𝐴𝐶.

3. Inside triangle 𝐴𝐵𝐶 , points 𝐷 and 𝐸 are chosen such that ∠𝐴𝐵𝐷 = ∠𝐶𝐵𝐸
and ∠𝐴𝐶𝐷 = ∠𝐵𝐶𝐸. Point 𝐹 on side 𝐴𝐵 is such that 𝐷𝐹 ∥ 𝐴𝐶 , and point 𝐺 on
side 𝐴𝐶 is such that 𝐸𝐺 ∥ 𝐴𝐵. Prove that ∠𝐵𝐹𝐺 = ∠𝐵𝐷𝐶 .

(Anton Trygub)

Solution. Let the rays 𝐶𝐷 and 𝐵𝐸 intersect the circumcircle of triangle 𝐴𝐵𝐶 at
points 𝑃 and 𝑄, respectively, and let segment 𝑃𝑄 intersect sides 𝐴𝐵 and 𝐵𝐶 at
points 𝐹 ′ and 𝐺 ′, respectively (Fig. 4). We will prove that 𝐹 ′ = 𝐹 and 𝐺 ′ = 𝐺.
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Since ∠𝐷𝑃𝐹 ′ = ∠𝐶𝑃𝑄 = ∠𝐶𝐵𝑄 = ∠𝐷𝐵𝐹 ′, the points 𝐵, 𝑃, 𝐹 ′, 𝐷 lie on a circle.
It follows that

∠𝐵𝐹 ′𝐷 = ∠𝐵𝑃𝐶 = ∠𝐵𝐴𝐶.
Thus, 𝐷𝐹 ′ ∥ 𝐴𝐶 , which implies 𝐹 ′ = 𝐹. Similarly, we have 𝐺 ′ = 𝐺.

From this, it follows that triangles 𝐵𝐹𝑄 and 𝐵𝐷𝐶 are similar because ∠𝐹𝐵𝑄 =
∠𝐷𝐵𝐶 and ∠𝐹𝑄𝐵 = ∠𝐷𝐶𝐵. Therefore,

∠𝐵𝐹𝑄 = ∠𝐵𝐷𝐶.

Fig. 4.

4. Let 𝐼 and 𝑀 be the incenter and the centroid of a scalene triangle 𝐴𝐵𝐶 ,
respectively. A line passing through point 𝐼 parallel to 𝐵𝐶 intersects 𝐴𝐶 and 𝐴𝐵
at points 𝐸 and 𝐹, respectively. Reconstruct triangle 𝐴𝐵𝐶 given only the marked
points 𝐸, 𝐹, 𝐼, and 𝑀 .

(Hryhorii Filippovskyi)

Solution. Let 𝑇 be the midpoint of 𝐸𝐹. Consider two cases.
Case 1. 𝑇 ≠ 𝑀 . Let 𝑄 be the intersection of the external bisector of ∠𝐵𝐴𝐶 with

line 𝐸𝐹 (Fig. 5). By the angle bisector theorem and the exterior angle bisector
theorem, we have

𝐸𝑄 ∶ 𝐹𝑄 = 𝐴𝐸 ∶ 𝐴𝐹 = 𝐸𝐼 ∶ 𝐹𝐼,
so point 𝑄 can be constructed. Since line 𝑇𝑀 contains the median 𝐴𝐷 and
∠𝑄𝐴𝐼 = 90∘, point 𝐴 is found as the intersection of 𝑇𝑀 and the semicircle
with diameter 𝑄𝐼 .

Case 2. 𝑇 = 𝑀 . The point 𝐼 divides the bisector 𝐴𝐿 in the ratio
𝐴𝐼 ∶ 𝐼𝐿 = 𝐴𝑀 ∶ 𝑀𝐷 = 2 ∶ 1 = (𝐴𝐵 + 𝐴𝐶) ∶ 𝐵𝐶 = (𝐴𝐹 + 𝐴𝐸) ∶ 𝐹𝐸.

Thus, 𝐴𝐹 = 2𝐹𝐼 and 𝐴𝐸 = 2𝐸𝐼 , meaning that 𝐴 is the intersection of circles
centered at 𝐸 and 𝐹 with radii 2𝐸𝐼 and 2𝐹𝐼 , respectively.

13



VIII Yasinskyi Geometry Olympiad (2024)

Once point 𝐴 is determined, construct point 𝐷 such that 𝐴𝐷 = 3
2𝐴𝑀 , and draw

a line through 𝐷 parallel to 𝐸𝐹. This line intersects rays 𝐴𝐹 and 𝐴𝐸 at points 𝐵
and 𝐶 , respectively.

Fig. 5.
Note. The reconstruction of point 𝐴 is generally not unique. The conditions

may be satisfied by one or both of the constructed triangles 𝐴𝐵𝐶 .

5. Let 𝐴𝐵𝐶𝐷𝐸𝐹 be a cyclic hexagon such that 𝐴𝐷 ∥ 𝐸𝐹. Points 𝑋 and 𝑌 are
marked on diagonals 𝐴𝐸 and 𝐷𝐹, respectively, such that 𝐶𝑋 = 𝐸𝑋 and 𝐵𝑌 = 𝐹𝑌 .
Let 𝑂 be the intersection point of 𝐴𝐸 and 𝐹𝐷, 𝑃 the intersection point of 𝐶𝑋 and
𝐵𝑌 , and 𝑄 the intersection point of 𝐵𝐹 and 𝐶𝐸. Prove that points 𝑂, 𝑃, and 𝑄
are collinear.

(Matthew Kurskyi)

Solution. Let 𝐾 and 𝐿 be the intersection points of 𝐵𝐹 and 𝐶𝐸 with 𝐴𝐷, and let
𝜔1 and 𝜔2 be the circumcircles of triangles 𝐴𝐾𝐵 and 𝐷𝐿𝐶 , respectively (Fig. 6).
We will show that points 𝑂, 𝑃, 𝑄 lie on the radical axis of circles 𝜔1 and 𝜔2.

Since 𝐴𝐹𝐸𝐷 is an isosceles trapezoid, we have ∠𝐴𝐵𝐹 = ∠𝐴𝐷𝐹 = ∠𝐷𝐴𝐸 =
∠𝐷𝐶𝐸. Therefore, 𝐴𝑂 and 𝐷𝑂 are tangents to circles 𝜔1 and 𝜔2, respectively,
and 𝐴𝑂 = 𝐷𝑂. Hence, point 𝑂 lies on the radical axis of circles 𝜔1 and 𝜔2.

Since ∠𝑌𝐵𝐹 = ∠𝐵𝐹𝐷 = ∠𝐵𝐴𝐷, it follows that 𝐵𝑃 is tangent to circle 𝜔1.
Similarly, 𝐶𝑃 is tangent to circle 𝜔2. To show that ∠𝑃𝐵𝐶 = ∠𝑃𝐶𝐵, we observe
that

∠𝑃𝐵𝐶 = ∠𝐹𝐵𝐶 − ∠𝐵𝐹𝐷 =
= 1

2(⌣𝐹𝐷𝐶− ⌣𝐵𝐶𝐷) = 1
2(⌣𝐹𝐸𝐷− ⌣𝐵𝐶),

and similarly,

∠𝑃𝐶𝐵 = ∠𝐸𝐶𝐵 − ∠𝐴𝐸𝐶 = 1
2(⌣𝐴𝐹𝐸− ⌣𝐵𝐶).

Since ⌣𝐹𝐸𝐷 =⌣𝐴𝐹𝐸 due to 𝐴𝐷 ∥ 𝐸𝐹, we conclude 𝑃𝐵 = 𝑃𝐶 , so point 𝑃 lies
on the radical axis of circles 𝜔1 and 𝜔2.
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Finally, points 𝐾, 𝐿, 𝐶, and 𝐵 are concyclic because∠𝐵𝐾𝐿 = ∠𝐵𝐹𝐸 = 180∘−
∠𝐵𝐶𝐸. Let this circle be 𝜔3. The lines 𝐵𝐹 and 𝐶𝐸 are the radical axes of circles
𝜔1, 𝜔3 and 𝜔2, 𝜔3, respectively. Therefore, point 𝑄 is the radical center of circles
𝜔1, 𝜔2, 𝜔3, and thus lies on the radical axis of circles 𝜔1 and 𝜔2.

Fig. 6.
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